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SUMMARY
An investigationwascmied outto studytheelasticbehavior
afterbucklingof a rectangularplatereinforcedwithlongitudinal
stiffenersandmibjectedto compressiveloadsina directionpsrallel
to thestiffeners.Twopossiblebucklingmodeswereinvestigated;
namely,theplatemaybucklearoundthestiffenersa nodallinesand
theplatemaybucklewiththeintermediatestiffenersa a unit.The
edgestiffenerswereassumedtohavefinitetorsionalrigidi~,infinite
bendingrigidityperpendicularto theplate,andeitherinfiniteor zero
bendingrigidi~intheplaneoftheplate.Forthefirstbuckltigmode
thecalculatedresultswerecomparedwithexperimentalresultsandthe
agreementwasfoundtobe good.Themethodof analysisusedisa modi-
fiedvariationalprocedure.Insteadof solvingthreenonlinearpartial
differentialequationssimultaneously,thetransversedeflectionw is
assumedintheformof a functionwhichsatisfiestheboundarycondi-
tionsbutcontainsundeterminedparameters.In temnsofthisassumed
expressionfor w, theotherdisplacementcomponentsu and v maybe
solvedfromthedifferentialequations.Thentheunknownparameters
in w aredeterminedfromtheconditionthatthepotentialener~ of
thesystemustbe stationary.Itwasfoundthatthismodifiedvaria-
tionalprocedm willgivemuchbetterresultswiththesameamountof
computationallabor.
INTRODUCTION
Aircraftengineerssreconfrontedwi,ththedifficulttaskof
designingmonocoquestructuresto fulfillallstrengthrequirementsand
yettoremainwithinthelimitsprescribedbyweighteconomy.To obtain
anefficientmonocoquest?nhcture,theengineermusthaveaccurateinfor-
mationregardingthestressdistributioni thestructure.Oneof the
mostimportantcomponentpartsofthemonocoquestructureistherein-
forcedplateundertheactionof compressiveloads.
——
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A reinforcedplateconsideredinthisreportisa sheetreinforced
withstiffenersinthedirectionoftheappliedloadsandequallyspaced
dividingthesheetintopanels(fig.l(a)).Undertheactionofthe
appliedcompressiveload,theplatemaydeflectsroundthestiffenersa
nodallinesas incase1 or thesystemaydisplaceas a completeunit,
as shownin case2,thestiffenershewingwiththeplate(fig.l(b)).
In case1, it ispossibleto considertheplateasoneof thepanelsof
theconttiuousplateattachedto thestiffeners.In case2, it isnec-
essaryto considerthestiffenersandtheplatetogether.
Asmentionedpreviously,toobtaintheapportionmentoftheapplied
loadsto theplateandthestiffenersitisnecessarytoknowthestress
distributioni theelasticstructwe.Up to andticludingbuckling,
thestressdistributioni thepanelsmaybe satisfactorilypredicted
by thelinear-or small-deflectiontheory.Afterbuckling,however,the
lineartheoryfailsandthelarge-deflectiontheoryofplatesmusthe
used. Thelarge-deflectiontheoryrequiresthesolutionofnonlinear
differentialequationswhicharegenerallyintractable.Inmanycases,
however,goodapproximatesolutionscanbe obtainedbytheenergy
methodorthevariationalmethod.
In thisreportan investigationwascarriedoutto determinethe
stressdistributionafterbucklinginrectangularplatesreinforcedwith
longitudinalstiffenersandsubjectedto compressiveloadsina direc-
tionparalleltothestiffeners.Insteadoffollowingtheenergyor
variationalmethodas generallyemployed,a modifiedprocedureisused.
Itmaybe recalledthatthefundamentaldifferentialequationstobe
solvedconsistof threestiultaneousnonlinearequationsintermsof
displacementsu, v, and w. However,if w isass~d tobe of some
form,twoofthedifferentialequationsbecomelinearin u and v
andcanthenbe solved.Thereforean alternativewayof carryingout
theener~methodmaybe asfollows.Firstassumew intermsof a
serieswhichsatisfiestheboundaryconditionsbutcontainsundetermined
parameters.Substitutionf w intotwoofthedifferentialequations
makesitpossibleto solvefor u and v intermsof theseundeter-
minedparametersinsteadofby theusualwsyof assming u and v in
theformof serieswithadditionalpsmuneters.Thevaluesof these
parametersmaynowbe ascertainedsothatthepotentialener~of the
systemis stationary.Thisconditionimpliesthatthethirddifferential
equationisapproximatelysatisfied.Thisalternativeprocedurehastwo
advantages.First,itisrelativelyeasytorepresentaccuratelythe
deflectionsurfacew by a seriesof a fewtermsbecauseofthe
existingexperimentalobse-tions. Second,withoutanyadditional
parametersin u and v onw theparametersin
lninedin
couldbe
‘%hiscaseandmuchm&e ac&ate results
obtainedotherwiseby thesameamountof
w needtobe deter-
canbe obtainedthan
computationallabor.
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Thebehaviorof a rectangularpanelafterbucklingaccordingto
case1 of thebucklingmodehasbeentreatedby Dunn(reference1).
Onemay,however,takeissuewithDunnfsworkontwocounts.First,
insteadof satisfyingthethreeequilibriumequations,Dunn’ssolution
satisfiesonlytwoof thethreeequationsandthethirdequationis
replacedby an empiricalrelationship.Second,indeterminingthe
bucklingloadDunnusedonesetofboundaryconditions,butin studying
thebehaviorafterbucklinganothersetofboundaryconditionswasused
whichwasnotatallcompatiblewiththefirstset.
In thisreport,analysishasbeencarriedoutforbothcase1 and
case2 of thebucklingmodes.Deflectionpattern,stressdistribution,
andeffectivewidthsrecalculatedto comparewithDunntsresultsand
theexperimentalresultsobtainedbyRamberg,McPherson,andLevy
(reference2).
TheworkwascarriedoutattheDanielGuggenheimSchoolof
Aeronautics,CollegeofEngineering,NewYorkUniversityjunderthe
sponsorshipandwiththefinancialassistanceoftheNationalAdviso~
CommitteeforAeronautics.TheauthorsareindebtedtoProfessor.K.
Teichmann,chairmanof theDepartmentofAeronautics,forhisunder-
standingcooperation.
SYMBOLS
a lengthofrectangularplate
%t stiffenerarea
b widthofrectangularplate
c torsionalstiffnessofa sturdystiffenerwhenattachedto
rectangularplate
?FJT torsion-bendingconstantof stiffenersectionalarea
d distancebetweenstiffeners.
D platestiffnessper
E,Est Young’smodulusfor
G modulusof rigidity
I momentof inertia
unitwidth (Et3/@l . ~2))
plateandstiffener,espectively
! —.- —— —— ——
{
.4
1P
J
K
m
n,nst
P
v
u,T
w
‘e
X,y,z
P
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polarmomentof inertiaof stiffenersectionalareaabout
axisofrotation
torsionfactorof stiffener
bucklingconstant(acrb%&D)
numberofhalfwavesintowhichplatebucklesinx-direction
numberofbaysandstiffeners,respectively
lateralpressure l
.
strainenergy
x- andy-componentsof displacements,respectively
lateralplatedeflection
effectivewidth
coordinatesxes(fig.2)
aspectfactor(k/b)‘
shearingstrain
51 =EatAst(l- p2)/Edt
~>> axialstraininx- andy-direction,respectively
T constantofproportionalitydefininglocationof stiffener
1. half-wavelength(a/m)
N = bD/C
v’ = dD/2c
v Poissontsratio
IP = 2EstIstdD
I
c compressivestressh stiffener
-—
— —.——.—
,
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ax,ay normalstressinx- andy-direction,respectively
Ust)cSt stiffenerstressandstrain,respectively
T shearstress
9= xm/a
cr quantityatbuckling,useda?a subscript
GOVERNINGD~ EQUATIONSANDBOUNDARYCONDITIONS
5
In termsof thedisplacementcomponents
sideringthecasewhere w islargecompared
ferentialequationsof equilibriumfora thin
as
u, v, and W andcon-
with u and v, thedif-
flatplatemaybe written1
l-?-v( J 2 (%x+~+l. v%x+vx ‘1-vwx%x + w~=) + Wxwyy-Wywxy= o
(1)
l+V ( ) 2‘xx+V —YY‘l- vk+vYY+l- ( )v Wxwxy+ Wywyy + Wmwy - Wxw= = o
(2)
Vkw-p
[( )( u# %++WX2 %X+~yy
1
)( )+ vy+~wyp Wm+vwn +
2(1- v)(% )1
+Vx+ww w
XYXY=
o (3)
plate,andthestiscriptsdenotepartial
fiberstrainsare
thelateraloadingonthe
clifferentiation.Themedian-
,“.
—.—.—- -.—— ..— --——- — .—-— --——— —.-
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~x’=%+X2
12
=-v +-w
‘Y’Y2Y
l=u +Vx+ww
7XY Y XY 1
(4)
andtheme~an-fiberstressesare
1 E
(
t 1
ax = + VE
1
)1- V26X Y
I E
(
1. t
‘Y=l - V2 ‘y + ‘6X)
*
TW’ = & 7W’ )
Theextreme-fiberbendingandshearingstressesare
(5)
11 Et
ax ‘- w=
2(1-V2)(
lt Et
aY ‘- (2(1- V2)‘~ ‘=l)+ Vww+ Vw ) (6)
Equations(1)to (3) maybe obtainedbysubstitutingrelations(!)
and(5)intothethreeequilibriumequationsasgiveninreference3,
page305.
To formulatetheboundaryconditions,itisnecessaryto survey
brieflythegeneralpictureofthestructuretobe analyzed,thecondi-
tionswhichexistwithinit,andtheloadsthatareimposedon it. The
structureconsistsof a thinflatplatetowhicharecontinuously
attachedpsrallelandequidistants iffeners.It isassumedthatthe
lengthparalleltothestiffenersislargeincomparisonwiththe
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stiffenerspacing.Thestructureisloadedwitha compressiveload
parallelto thestiffenersin sucha waythat,theaxialloadsare
identicalineachstiffener.
Thestiffenersalongtheedgesof theplateareassumedtohave
infinitebendingrigidi~inthez-direction;thatis,
w=Oaty=Oandb (7)
In they-direction,thesizesof thestiffenersareusuallysuchthat
thebendingrigidi~ismuchsmallerthanthatinthez-direction.In
thetheoreticaltreatment,twolimitingcasesmaybe taken.First,the
‘ stiffenersmaybe assumedtohavezerobendingrigidity.
case,the~oundaryconditionisthatalongtheedgesthe
stressUy is zero;thatis,
1
‘Y =Oaty=Oandb
On theotherhand,thestiffenersmaybe assumedtohave
In sucha
median-fiber
(8a)
infinite
bendingrigidity,and,in sucha case,theboundaryconditionis
v=O at y=Omdb (8b)
In thex-direction,itisassumedthatthestiffenersareundera
uniformcompressivestrain-est;thatis, .
I
u=- CStx aty=Oandb (9)
Theslopesofthedeflectionsurfacealongtheekgesdependon the
torsionalrigidi~of thestiffeners.Alongtheedgeoftheplate
adjacentothestiffenerat y = O theinternalbendingmomentmaybe
writtenintheform: /
(10)
where D istheflexuralstiffnessoftheplate.
Assumingtheplatecutalongthestiffener,themomentgivenby
equation(10)maybe consideredasm externallyappliedmomentacting
on thestiffener.Thisbendingmoment,whichactsatanypoint x,
producestwistinginthestiffener.Themomentperunitlengthofthe
edgeisnumericallyequaltotherateof changeofthetwistingmoments
inthestiffeneratthepoint x. Expressedanalytically,
(11)
._ ._. _ —__—— —-—._—— -— —..-. —
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Fora sturdystiffenerattachedto a platein compression,itwas
shownby LundquistandStowell(reference4)thatthemomentrequired
torotatetheplatethrough1 radianis
( 2c=&J-A2 crIp+ ~ EC~2 BT)
where X isthehslfwaveofthebuckledpatternof
directionoftheappliedload, GJ isthetorsional
-- (12)
theplateinthe’
rigidityofthe
stiffener,u istheuniformlydistributedcompressivestressinthe
stiffener,I
$
isthe-polarmomentof inertiaof stiffenersectional
sreaaboutax s of rotation,and ~T isthetorsion-bendingconstant
of thestiffenersectionalareaabouttheaxisofrotationatornear
theedgeof theplate.Thus
where e istheangleof twist.Since
theboundarycondition(Il.),aftersubstitution,becomes
( )D Ww +VWn = -CWw
t
Similarly,alongtheedge y = b oneobtains
( )
Dwn+vwx =Cwq
(13)
(14)
.
(15)
.
.
Considerthelimitingcasesof zerotorsionalstiffnessand
infinitetorsionalstiffness.In thecaseof zerotorsionalstiffness,
C = O andequations(14)and(15) reduceto
2
=0 at y=Oandb,
whichcorrespondstothecaseusuallyreferredo as simplysupported
edges.In the
tions(14) and
correspondsto
Equations
caseof infinitetorsionalstiffness,C = w andequa-
(15)reduceto e = dw/dy=O at y= O and-b,which
thecaseusuallyreferredtoas clampededges.
. ME?THODOFSOLUTION
.
(1),(2), and(3)arethreenonlinearpartialdifferential
equationstobe solvedsimultaneously.Theexactsolutionof these f
— ——-.— ---
,,
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equationsisverydifficult,ifnotimpossible,withthe’present
boundaryconditions.Approximatesolutions,however,canbe obtained
by meansof a wiationslmethodor thefinite-differencesmethod.In
thepresentwork,a modifiedvariationalmethodistobe used.
In thetheoryof elasticity,itisswell-knownfactthatthefirst
variationof thepotentialenergyof theelasticbodywithrespecto
thedisplacementsu, v, and w leadstothedifferentialequationsof
equilibriumwhichare,inthepresentcase,equations(l),(2),and(3).
Thepotentialener~ isdefinedasthedifferenceb tweenthestrain
ener~ andthevirtualworkwhichthesurfacestressesdooverthat
portionof theboundarywherethesestressesareprescribed.Forstable
equilibrium,thisstationaryvalueisa minimum.Thefactthatthe
potentialener~hasa stationaryvaluecanbe easilyutilizedintrans-
formingthevariationalproblemintoanordinaryextreme-valueproblem
by theRayleigh-Ritzprocedureasfollows.Assumeexpressionsfor u,
v, and w intermsof infiniteserieswhichsatisfythegivenboundary
conditionsbutcontainundeterminedparameters.Substitutethese
expressionsintothepotential-ener~expressionandsetthefirst
derivativesoftheresultingexpressionwithrespecto theseparameters
equalto zero.Theseparametersarethendeterminedlysolvingthe
.
resultantsimultaneousequations.Withthevaluesoftheparametersso
determined,theresultingexpressionsfor u, v, and w satisfyboth
. theboundaryconditionsandthedifferentialequations.If ~inite
termsoftheseriesareretainedandtheseriesconsistof completesets
of functions,thesolutionmaybe provedtobe exact.Forthenumerical
determinationof theseparameters,however,onlya finitenumberof
termscanbe retained.In sucha case,thesolutionisthenonly
approximate.
In thecaseof a thinplate,thedeflectionsurfaceformcanbe
easilyobservedfromexperimentaltests,andconsequentlythedeflec-
tion w canbe representedfairlyaccuratelyb a serieswithonlya
fewterms.Itmayalsobe observedthatequations(1)and(2)reduce
tolineardifferentialequationsif w isknown.Therefore,forthe
sameamountof computationallabor,muchmoreaccurateresultscanbe
obtainedby carryingoutthevariationalprocedureasfollows.Assume
anexpressionfor w inte?nnsof a serieswhichcanrepresentwellthe
deflectionfromobservedtests.Theseriessatisfiestheboundarycon-
ditionsandcontainsundeterminedparameters.Substitutionf this
assumedw intoequations(1)and(2)resultsintwolineardifferential
equationsin u and v. Solvingtheseequationsimultaneously,“exact”
solutionsof u and v intermsof theparametersmaybe obtained.
17iththeexpressionfor w soassumedandexpressionsfor u and v so
obtained,theseparameterscanbe detetiedby theusualRayleigh-Ritz
procedure.Followingthisprocedure,onlya fewparameterswillbe used
andthereforethereareonlya fewresultingsimultaneousequationsto
—...—_.___ _.. ——_ _____ .—. —- ._. .. —.—— .-—. — — --
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be solved.Theamountof laborinthecomputationcanthusbe greatly
reduced.
To satisfytheboundaryconditionsof w, thedeflectionsurface
maybe assumedtobe ofthefore:
[( )~ +Wlsinbw–=wol-cosb 12LY sinZt a (16)
where W. and W1 arearbitrarydeflectionamplitudestobe deter-
minedand t isthethicknessof theplate.me formof equation(I-6)
is selectedsothat w satisfiestheconditionsof simplysupported
edgeswhen W. = O andtheconditionsof clampededgeswhen WI = O.
TheratioW.WI/ isthereforea measureof edgerestraint.
Thisratiowo/wl isre”latedto theelasticrestraintofthe
sidesthroughtheboundaryconditiongivenby equation(14):
( )D Wm +VWXX = -Wm
Sincew = O atthesideedgesand w isassumedtobe of theform
givenby eqwtion(16),theforegoingequationmaybewritteninthe
fOrm
%-Y=cq?wy
(17)
(18)
at y = O,where q = inn/a.
Substitutionf equation(16)for w inequation(18)yieldsthe
followingrelationship
(19)
where v = bD/C istheratiooftheflexuralrigidityoftheplate
betweentheedgestiffenerstothetorsionalrigidityofthestiffeners
andp= A/b.
Thedeflection-surfaceformmaynowbe giventitermsofthe
msxtiumamplitudeWo,withthereplacingof W1 inequation(16)bY
equation(19),andisasfollows:
\
—-— ——.—
.
9
.
.
.
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.
w
– =Wo(l -t cos2~qy+ A sin13w)sinqx
II
(20)
Itmaybe notedthatat y = b theconditiongivenby equa-
tion(15)isalsosatisfied.Forplateswithshply supportededges p
becomesinfinite,W. becomeszero,andthen AWO becomesWI as
definedbefore.
Expressionsof u and v
Theexpressionsforthedisplacementfunctionsu and v maybe
obtainedbysolvingthesimultaneousdifferentialequations(1)and(2)
withthegivenw expression(20).Theseequations,beinglinearin u
and v,maybe solvedasfollows.
Thecomplementarysolutionof equations(1)and(2)maybe
obtainedby solvingthefollowinghomogeneousequations:
‘1%+%y++++(-%+%y ‘0 i’
~x+vv’ YY++++(%+VW)=OJ
To ffiilltheboundarycondition(7),theappropriateformof the
complementarysolutioncanbe showntobe asfollows:
u=
[
@%op (cl + C2) Cosh2qy+ 2c2qySinh29y+ (C-3+
1!2ck~cosh2~ SiIl2(9x- q%2F&
-1
v=
C3
)
COsh2W -
2C2- c1) Sinh2cpy- 2C2qycosh
12C4Wsinh 2W cos 2~ + c5~+
(21)
C4)S’inh29y+
(22)
(+ ~2c4-
7
(23)
.- —-—-—.— .—— —.-—--——
.—— — —-.——’------- —.-—- ——
—.— —-
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where &%& =.6*tyad cl> C22 C3> C4> C5,~d C6 areinte-
grationconstants.Physically,thecomplementarysolutiongivesthe
displacementsduetobending.
Theparticularintegralsofthedifferentialequations(1)and(2)
givetheadditionaldisplacementsu and v dueto lsrgedeflection.
Themethodfordeterminingtheseparticularintegralsisgivenin
appendixA wherethefollowingformsfor u and v areobtained:
u=
v=
The
Fe
(24)
@%02(E0 +El sin13~+E2 cos2@PY+E3 sin313~+
E4 COS 4fkqy)sin2$m
[
@%0213 (FlcosBW+F2 Sin2@TY+F3 cos3f3cPY+
FL sin4j3~~cos2rpx+ (F5cospcpy+ F6 Sill2j3~+ F7 COS 3@J7y+
1
F8 SiIl4@@ (25)
expressionsforthe E’s and F’s aretobe foundinappendixA.
Thegeneralsolutionsforthedisplac~entfunctionsu and v
thesumsofthecomplementarysolutionsandtheparticularintegrals.
integrationconstantsCl, C2, C3, C4, C5,and C6 maynowbe
determinedfromthegivenboundaryconditionsa iscarriedoutin
appentiB. Withtheboundaryconditionssatisfied,thegeneralsolu-
tionsmaynowbewrittenas:
u=
[.@%oz (cl +. C* - ~2qtV)(cosh2qy-
sinh2qy)+Eo+Elsin 13qly+
E2 COS 2~~ + E3 SiIl3f@y+ E4 COS
1
@.py+ E5 sin5@TJysin2qM-
q)w ;tx (26)
-——
.- .—— .-. —— .—
,’
,,
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@
l-vv = qt%oz c1 -_2c2_l+V )2C29Y(cosh2Qy- Shh 2~) +
(pF1 cosPqy+F2 sin2% + F3 COS 3Pw + F4 Sfi Wqzy] Cos2cpX+
~ + F6 sin 2~9y+ F7 COS 3j39y+
(27)
In equations(26) and(27),cl’ C2‘ C5’ and c6 arenowknown
functionsof thedeflectionparameters.Theexpressionsforthese
coefficientsaretobe foundinappendixB.
Evaluationof
As mentionedpreviously,the
betweenthestrainenerg apdthe
energyof thepanelisthesumof
.
stiffeners.Thestrainenergyof
oneduetothebendingof theplate Vbp andtheotherduetothe
. extensionor stretchingoftheplate Vep” Let Vp denotethetotal
PotentialEnergy
potentialener~ isthedifference
virtualwork. Thetotal.strain
thestrainenergiesof theplateand
theplateiscomposedoftwoparts,
platestrainenergy,then
v
P = ‘bp+ ‘ep (28)
where
Vbp=
E*3
)JY[ )j24(1- V2 Wxx+WH)2- 2(1- V)(WnWn-W=2 dxdy (29)
and
(30)
.
.. — --——--—-
__— ._. .— -—
-..—-
I
.
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Theaboveintegrationsareto
rectangularplateswithedges
provedthat
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be takenoverthetotalplatearea.For
heldintheoriginalplaneit canbe
J( ‘)~dy=oW=wyy - Wxy (30
Withtheassumedexpressionfor w inequation(20),andthe
expressionsfor u and v givenby equations(26)and(27),integra-
tionof equations(29)and(30)gives
45
TJbp. ~ M1W02
l-v’
and
vep = E94t5ab 4
(
2
)
–2
1 - ~’ %Wo + M3%wo + ‘kest
(32)
(33)
Theevaluationoftheseexpressionsi carr:edoutindetailin
appendixC. The’expressionsfor Ml, ~, M3,and M4 aregivenby
equations(C3)J(C6),and(C7)inappendixC.
Thestrainenergyof a stiffenerVs iscomposedof threeparts,
namely,theextensionalstrainener~ Ve=,thebendingstratienergyVbs)
andthetwistingstrainenergyVts. Th=-tOtalstrainenergyis
therefore
Vs = Ves+ Vbs+ Vt.
andtheexpressionsfor Ves, Vbs,and Vts are:
a
‘bs J( )=+ EstIst’
2 dx
o ‘xx y=qb
(34)
(35) .
(36)
.-
:’
.
,,
.
i—- — —
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.
(37)
where ~b givesthelocationofthestiffenersq = j/n, n isthe
numberofbays,and j isan integerwhichisequaltoor lessthan n.
Theevaluationof equations(35),(36),and(37)isalsocarriedoutin
appendixC. Aftersomesimplification,itisfoundthat
Theexpressionsfor
Introducingthe
% %
23
(39)=; p4t stIst*o 2
N4
Vts 1 %%N02T=~T (40)
‘1’ ‘2y N3~and N4 aregiveninappendixC.
followingparameters
Es@St
Edt
MdEX’
Edt
%Fst
al
— -....—— —
_.. —
— ——. ——
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where d = b/n isthedistance
of A stiffenerthenbecomes
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betweenstiffeners,thestrainenergy .,
. I
(41)
Thevirtualwork W istheproductof theexternaloadandthe
displacementinthedirectionof theloadoverthatportionofthe
boundarywheretheboundaryloadisprescribed.In thepresentcase,
w is
w =J’p;.)x=a ~
2
= e (Sta EstnstAst
where
‘St. isthenumberof stiffeners.
dz
+Ebt) (42)
ThepotentialenergyU of thepanelisthesumofthestrain
ener~ of theplateandthestrainenergyof thestiffenersminusthe
virtualwork
.
Inwritingequation(43)it isassumedthatallthestiffenershavethe
sameproperties,and F Ni indicatesthesumof Ni with
qb = d,2d,3d,andsoforth.
,,
———— —-- ——-
—
j.
,.
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DeterminationfUnknownParameters
In thepreviouspsmgraphs,thesolutionofthedifferential
equations(l),(2),and(3)hasbeencsrriedoutinwe following
manner.Assumeanexpre~Gionfor w whichsatisfiestheboundary
conditionsbutcontainsundeterminedparameters.Solveequations(1)
and(2)intermsof theassumedw expression.If thisassumedw
alsosatisfiesequation(3),thenthesolutionisexact.In thepresent
analysisan attemptwillbe madeto satisfyequation(3) approximately
by usingtheconditionthatat equilibriumthepotentialenergyhasa
stationaryvalue.In reference1 a similmproblemwastreatedbyDunn;
thedifferenceb tweenDunn’smethodandthemethodusedinthisreport
isthatDunndeteminedtheparametersin w by-empiricalrelations
insteadofby equation(3).
Theparameterstobe detemninedin w are W. and ~. Inspection
of equation(43) showsthatthepotentialenergyU isoftheform
U =R1W04-(R2Fst- R3)W02 + R4Fst2 (44)
,
where R ,1 ‘2‘ and R3 arefunctionsof 13and R4 isa constant.
It isobservedfromexperimentshatoncea platebuckles,the
numberofbuckledwavesremainsthesamewhenthebucklingstrainis
exceeded.Thefactorp,whichdefinesthenuniberofbucklesinthe
directionof loading,isthereforetobe takenas a constantafter
bucklingandequalto thevalueatbuckling.
TheparsmeterW. maynowbe determinedfromtheconditionthat
thepotentialenergyU hasa stationaryvaluewithrespecto Wo.
Thecondition*=O leadsto
Woplwoz- (R&t- R3jJ = o
Equation(45)givesthreerootsfor Wo,nsmely
Wo=o
and
wo=*ti
(45)
(46)
(47)
— —.._—. .— ----- —.—
— —..
— —. -—— — —--
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Theroot W. = O representstheunbuckledstate.Thepositiveand
negativesignsinequation(47)indicatethattheplatemaybuckle
indifferentlyinor out. Sincethesetwopossibilitiessreirrelevant
to thepresentanalysis,thepositivesignwillbe takeninthesub-
sequentdiscussions.Equation(47)alsoshowsthatwhen
thereisno realrootandthereforeW. = O istheonlypossible
solutionforequation(45).Physically,it indicatesthatwhen est
isbelowa certainvalue,tiepanelwillnotbuckleandtheunbuckled
stateistheonlyPOssiblequilibriumform.Thelimitingcondition
occurswhen
()%t cr
.3
‘2
whichindicatesthebucklingof thepanel.
Substitutingequation(&8)intoequation(47),oneobtains
(4a)
‘+
(49)
.
Thebucklingstressof a plateisusuallywritteninthefollowing
form:
.
where K isa
edgerestraint
courserelated
as follows:
u
K#Et2
cr=
12(1- v2)b2
(50)
noniMmensionalcoefficientthatdependson conditionsof
andshapeof theplate.ThebucklingstraincCr isof
tO Ucr accordingtoHookerslaw. Rewritequation(5)
1
(ex’=~crx’+ vu’Y )
(50
.
———
—
..
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Whentheboundaryconditionssrethat Uy’= O slongy = O and y = b,
atbucklingstressu ‘= OY everywhere.Therefore,oneobtains
Gcr= I‘crE
and
.
Hence
R3
=—
‘2
12R3
——
‘= P2R2
On theotherhand,whentheboundaryconditionsare
alongy = O and y = b, atbucklingstressitcan
tion(B4)that everywhere.Fromequation
and Cx’= (1- z~;;.. Therefore,oneobtains
.Cr = (1- v2)ucr~
,
and
.
(52)
that v = O
be seenfromequa-
(51) Uy’ = -v~x’
(53)
Equations(52)and(53) give K asa functionof”P = a/rob’.Fora
givenvalueof m, K maybeplottedagainsta/b fora givenvalue
of I.Lwhichspecifiestheedge-supportconditions.In a givenproblem,
when a/b and p arelmown,thevalueof K maybe ok$ainedby
choosingtheminimumvaluefromthecurves.Thecorrespondingvalue
of m isthenumberofhalfwaveswhichactuallyoccur.Inpractical
cases,thetkhnensionsofthepa&ls -e usuallysuchthat‘thecurvesK
againsta/b becomestraightlin~.and-thevalueof K approachesthe
minimumvalue.Forthesecases,thevalue~of ~ maybe’takentobe
thosewhichcorrespondto theminimumvaluesof K. With ~ determined,
W. maybe foundfromequation(49)at any est. Themedian-fiber
.. _—- —-——— -—- ——
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,,’
strainsandstressesmaybe computedfromequations(4)and(5)and
theextreme-fiberbendingstresses,fromequations(6). I
‘1
. RESULTSANDDISCUSSION
Case1: RectangularPlatewithEdgeStiffeners
Asmentionedintheintroduction,whena stiffenedrectangular
panelisundertheactionof compressiveloadtwobucklingmodesmay
occur.Onecaseisthattheplatemaydeflectaroundthestiffenersa
nodallines.In sucha case,itispossibleto consideronlyoneof
thepanelsbetweentwostiffenersandtoregarditasa rectangular
plateelasticallysupportedalongthetwounloadededgesby stiffeners
havinginfinitebendingrigidi@inthez-directionbutfinitetorsional
rigidi~.,
Neglectingtheextensionalstrainener~ ofthestiffenersand
lettingb h thiscasebe thewidthofthepanel,thepotential
energyof thepanelbecomes
/
E 4t5ab
~(
gw~ + [.4-U=- W04+ M3Fst+M1+2
l-v
2 Est%t( )(1 1}
2
-v T%Z- nst+ ~st
TheconditionaU@o = O becomes
{F!Wo %Y02 + s~st ( /iiJ+M1+N42 =0
At bucklingstrain ()‘Stf-r)
.
‘3(Est)cr‘Ml + (+HL) =o
In termsof K asdefinedbyequations(52) md (53)> iftheedge
stiffenersareassumedtohavenegligibleb ndingstiffnessinthe
y-direction,thatis, Uyr= O at y = O and y = by
(54)
(55)
(56)
. I
—
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K= [(Y2P40.4053+ 0.8106P2+ 0.4053P4)+ I@2(1.0808+ 2.1615P*+
2.7019~4)+ (0.75+ 2P2
1/+ 4134)j32(o,4053134V2+ 1..o8o7#M+ 0.75)
(57)
andiftheedgestiffenersareassumedtohaveinfinitebendingstiff-
nessinthey-direction,thatis, v=O at y=O andy=b,
(%)
Forgivenvaluesof v and p, K forthesecasescanbe calculated
fromequations(57)or (x) andisplottedagainst~ forvsrious
valuesof v infigure3. Fora large a/b ratio,itispointedout
ina previousparagraphthattheminimumvslluesof K or K~n maybe
used.Thevaluesof tin andthecorrespondingvaluesof p sre
plottedinfigures4 and5, respectively.Thevaluesof ~ corre-
spondingto ~n maybe calculatedfromtheconditiondK/d$= O,~d
~ti maythenbe computed.TheconditiondK/dp= O,however,results
inanequationwithtwelfthpowerin ~ andisdifficultto solve.
Butwiththeapproximatevaluesof ~ obtainedfromfigure3,onemay ~
useNewton’smethodto calculatemore-accuratevalues.
Nowfora givenp thevaluesof ~ correspondingto ~n may
be determinedfromfigure5, and W. maybe calculatedfromequation(49)
as a functionof Cst.
~~1In figure6 thevaluesof W
areplottedagainstp. -
With W. and ~ calculated,itisthuspossibleto computethe
.
stressdistributiona dtheeffectivewidthoftheplateata given
valueof est.
*
. —.
__— .—_ ._._ —. ——
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Substitutinginequati&(5)theexpressionsof 6X’ and ~‘
givenby equations(B3)and(B4)inappendixB, themedian-fiber
stressax’ maybewritteninthefollowingform:
‘{ (~:~&~02 2(1- ~) C1-2@2y +~C)(cosh2~-~xr=— 2
( )(sinh2q?y)+GO+vH0 + G1+vH1) sin ~~ + (G2+ VH2)COS2~~ +
1
(G3+ VH3)SiJl 3@7y COS 2~ + (V~2C6+ G4+ vH4)+
(%+vH5)’3~~+( G6+ V~6) cos ‘2~ + (G7 + VH7)sin313~+
}
~~ + VH~)COS h~ - E &t2~st( 1-V2
(59)
Thedistributionsof ax’ overtheloadededgesof theplatewith
differentboundaryconditionsareplottedinfigure7 ascomparedwith
thosecalculatedbyDunn.
Thetotalloadcarriedby theplatefora givenstiffenerstress
is
J’bP=t Ux w Io
Theeffectivewidthofa platein compressionisby definition I
P = -2weta6t
wherethenegativesignindicatesthat ast isa compressivestress.
Theratiooftheeffectivewidthto theplatewidthmaynowbewritten
as
b
‘e 1
—=—b J2astb o ax’dy
I(60)
It is showninreference1 thatthedistributionf stressatthe
nodallines@yes theactualloadcarriedby theplateandanyvariation l
—-—
————— 1
,,
,’
.
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of’thestressdistributionbetweenthenodallinesisbalancedby the
shearing,stressesatthestiffener.Therefore,theeffectivewidthof
theplatemaybe foundfromequation(60)when q)xistakentobe
equalto m, 2Yr,andsoforth;carryingouttheintegrationa dtaking
~=
‘e
—=b
n, equation(60)becomes
1 E
( )
2T21-V St{
W02 ~[(-—— )(c1 + ~2:v CA?~t 2W + G()+VHO+G4+VH4+
1}~1+G5+vH5) +~(G3+vH3+G7+vH7
(61)
Theratiooftotaleffectivewidthto initialwidthor 2we/b is
plottedinfigure8 forthetwolimitingconditionsw = O and p = OJ.
To comparetheseresultswithtestresultsgiveninreference2
wherethepanelswerestiffenedby z-shapedstiffeners,a panelwith
thefolluwingdimensionsis chosenasa typicalspecimen:
~ = 0.198
a = 19 inches
b = 4.0inches
t = 0.025tich
1?= 6800pounds
Ast= 0.39squareinch
Withthesedimensionsandtheboundaryconditions
‘Y‘=0 one
obtainsf3= 0.688 fromfi~’e 5. Thecalculatedlengthofbuckle
developedis A = 0.688x 4 = 2.752inches.Thecorrespondingnumber
ofbucklesinthedirectionofthelengthofpanelis m = 19/2.752= 6.90
or7 bucklesincem mustbe an integer.Obsermddatashowedthe
existenceof sevenbuckleswitha correspondingmeasuredlengthof
buckleof A = 2.70incheg.Thecriticalbucklingstressmaybe calcu-
latedutilizingthecoefficientK obtainedfromfigure4,andis
foundtobe Ucr= 2570psi,to comparewiththeobservedvalueof
‘cr= 2500psi.
Thewaveformof theplatebetween’thestiffenersunderthecom-
pressionloadof 6800poundsmaybe obtainedinthefollowingmanner.
.
-.—.— -.———
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I
For w = 0.198 and p = 0.688,thesmplitudefactor
.
~+ ~
is0.538.Thestiffenerstra”
T
correspondingtothetestloadof
6800poundsiS Cst= llX 10-. Usingequation(20),theresultsof I
thecalculationfthewaveformthzoughthecrestof a bucklex = A/2
areshowninfigure9. Thewavefomnscalculatedlythepresentmethod
showgoodagreementwiththoseobservedfromthetest.
Withtheboundaryconditionsv = O, thevalueof P fromfig- ,,
ure5 is0.835.Thecalculatedlengthofbuckledevelopedis
A = 0.835x 4 = 3.34oinches.Thecorrespondingnumberofbucklesin
thedirectionofthelengthofpanelis
6 bucklesincem mustbean integer.
m = 19/3.340= 5.70or
Thisiscomparedwiththetest
observanceof sevenbuckleshatinga measuredlengthof X = 2.70inches.
Thecriticalbucklingstress,utilizingfigure4 forthevalueof K,
iscalculatedtobe 2170psi,ascomparedwiththeobservedata
of Ucr= 2500psi.
Thewaveformoftheplatebetweenthestiffenersunderthecom-
pressionloadof 6800poundsiscalculatedina similarmannerasfor
theboundarycondition
‘Y’= O utilizingfigure6 forthesmplitude
factor
*1
, andis showngraphicallyinfigure9.
Theexperimentalvaluesof 2We/b fromthesetestsarealso
plottedinfigure8 forcomparison.It is seenfromthefigurethat
withboundaryconditionsCT‘
%
= O,thecalculatedvaluesgiveverygood
comparison.It thusseemshat,forthez-shapedstringersused,the
boundaryconditioncanbewellapproximatedbyassumingay’= O along
thestiffeners. I .“
Itmaybe pointedoutherethatinreference5 Dunnimplicitly I
usedtheconditionUy’= O inthedeterminationofthebucklingstress I
andthenhe tooktheresultsobtaimedinthiscasetogetherwiththe
boundaryconditionv = O inthestudyof thebehaviorsfterbuckling.
It iseasilyseenthatthesetwoboundaryconditionsarenotcompatible
at allwitheachother.
Case2: RectangularPanelwithIntermediateStiffeners
Whenthelongitudinalstiffenershavesmallbendingandtorsional
rigidities,therectangularpanelwillbuckleasa unitwithinter-
mediatestiffenersbowtigoutwiththeplate.Theedgestiffenersare
assumedtohaveinfinitebendingrigidityinthez-direction.Fourcases
!
.
— —— !“,,
.4H
.
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.
willbe considered,namely,theedgestiffenershavingeitherzeroor
infinitebendingrigidityinthey-direction,togetherwitheitherzero
or infinitetorsionalrigidity.
Considerfirstthecasewheretheedgestiffenershavezero
bendingrigidityinthey-directiona dzerotorsionalrigidity;w .m
in th”iscaseand AWo becomesWI. In termsof W, thepotential
energyU of thepanelinequation(43)becomesnow
[.3-+1.2’)%+ $,+q+Q’ w:+]
[
nstb’
‘ Est%tM4+~- ( )(1 -v E bt—— nst. ])
+ 1 Tst’
where
.
(62)
Ml‘ = (1 + p2)2/96
( )[ (@/]/M2’=1-v212+4~4- 3 x 1024
M~=-(1-,2~
M4= (l- IJy’
N2’= sin21-rq/4
N3’= sin’q
N’4 = p2cos2q
1/Sinh2qnlb)
(63)
——_ _.—,_ _
—— —. --.— . . . .. . . .
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.
I
TheconditionaU@l = O leadsto
Thebucklingstrainistherefore
and
—
Fromequation(64),oneobtains
‘1 = 112()Est,— -& 1cr
(65)
I ,,
(66) “’ .
(67)
Withtheseequations,onemayproceedwiththecomputationas in
case1 whenthenumiberof intermediatestiffenersi given.
Considernextthecasewheretheedgestiffenershavezerobending
rigidityinthey-directiona dinfinitetorsionalrigidity.The
potentialenergyU of thepanelisgivenbyequation(43).With
~ = O,oneobtains
I
— i
NACA
M=
1
M2 =
M3 =
‘4 =
N1 =
N2 =
N=
3
N=4
TN 2671
.[(2+ 1+ 4$2)2/ 96
~~(,-V2)/256]+ @ -V2),4[2 + (.
{
(1 - VP)p(l +
-3(1 -’,2)/8
7+ (17
(1- ,2)/2
{[f342(l+2v)+
@2 aSi?lh~b) + ~ +
2(1+ ,2)2
;-ic0s2~
sin2~/4
4132sin22~
L
VP2- qqb(1+
‘iiCos41q“
+ 8v)f32
$2)(1+
.
+ 132)-y}32 -
1/}
+ 13E14+ 3P6 64m
J
Cos2q
}/
4(1+ #)2
and W. aregivenby the
L J
-“3+ (D@)
expressions:
(69)
. .
—-
-IIM3+ Em2
——— --- —— —...—...— ___ .....__ .. . . _
-. ——_. —
—..
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Thethirdcasetobe consideredisthatofthe
havinginfinitebendingrigidityinthey-direction
rigidity.Thepotentialener~ U ofthepanelis
tion(62)with
edgestiffeners
a dzerotorsional
.
(’P)
given
[ 1/’M2’= (3- V2)(1+P4) +4VF+QW+ 2563-V
by equa-
1I (72)~’ = -(1 + VP2 8)/
(
1-1 ) 1/-& @qb (cosh2qqb- Shh ~b) 8 .L
Ml’, Mb N2’, N3’,and N4’ beingthe
Onecancalculate (-%dcr and WI from
use ofnew M2’, M3r,and N1’ asgiven
definitionof K inthiscase
n2
K=—
4P2
J
sameasgivenby equation (63).
equations (65) and(67)by the
by equations(72).Fromthe
48nM~‘+ 1[PN3‘+ (N4’/@) .(73)
—
Thefourthcaseisthattheedgestiffenershaveinfinitebending
rigidityinthey-directiona dinfinitetorsionalrigidity.The
FotentialenergyU ofthepanelisagaingivenby equation(43)with
I
I
—— .— .1
I
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~ . *2, w+’
{[
~- + @k2(3- V2)+ 1}/M 32+(1+ p2)2
,
(1 - v)91+2v+@2
16Yt(3- v)(1+ P2)4
~ = -(3 -I-4v$2)/8
~ = $?1 + 2V+ I&)(l+ v)
1 2(1+ P2)2(3- v)
~@vb - 3)(c0sh2qqb- SiDh2qqb)]-
vf32+P2(P2- v)~os ,2q
T 2(1+ @2)2
29
(74)
1
% ~4Y % N2> N3) ~d N4 beingthesameasgivenby equations(68).
Equations(69)and(71)give (~st)crand Wo,while K i.
K ‘ (75)
Numericalcalculationshavebeencarriedoutinthecaseofo%
stiff&erinthemiddleoftheplate.Thiscaseis importantbecause
@ thecaseofmultistiffenersapproximateanalysiscanbe madeby the
substitutionfthesingle-stiffenerm thod.b thiscase,n = 2.
Thebendingrigidityratio P isplottedagainstK~n infigure10
with 8 or b’ equalto O and0.4;thecorrespondingp isplotted
infigureIL. Infigure12 me plottedWo/~~s~ecr)- 1 and
wdi~. Finallyjthedistributionf ax’ alongtheloaded
----- . . ...—— .—— ———..--. ——— ———-
—— .-— .. ——— —-—-— -
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,
edgeoftheplateieplottedinfigure13 at ~st/~cr= 10 forbom~ .
conditionuyl= O andinfigure14at e~t/~cr= 10forbound~
conditionv = O.
DanielGuggenheimSchoolofAeronautics
CollegeofEngineering
NewYorkUniversity
NewYork,N.Y.,December~, 1949
,,
I
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differentialequationsare:
+uyy+~(-%x+’x-y)‘c(w)
l+V
+v—YY+l. v(’-%-Y+Vu) =E(w)
31-
APPENDIXA
DETERMINATIONFPARTICULAR
FOREQUATIONS(1)AND
INTEGRAL(5
(2)
Thenonhomogeneous
%x
‘xx
where
(Al)
(A2)
[ (w)= -== [Wxw=+ Wyww) - (Wxwv- Wyw=
1
-v ‘1
g(w)= -+ (Wxww+ Wywn) - (W=wy
-v )J-‘xww
Substitutingtheexpressionfor w, equation(20),intoequations(A3),
~(w) and ~(w) areobtainedasfollows:
*[l+ (3 - 1llv)f32ASti fi~ - ~~+ (9 - v)@i Sill3~y -
~~ + 8(1 - V)~2+ (2+ 2~2)A2]COS2~~ +
1~(1 + 4P2)COS4P9Y sin@x
—. —. —..- .—— — —-- - . ... . .— .._ ._. _—. ..— .— -- .—. .——
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g(w)=
@tPwoPp
1 {[
-*(3 - 2f32)ACOS f@y +
-v
A(3 + 6P2)A Co63fJq)y
(
- 2+1+ B2A2
2 ) sin2pqy+2
1(1+4j32)SiIl kpqy COS 2QX - +(3V+ 2~2)ACOS~ +
23v-( (
$2A2
2 6B2)Acos3f3w- 2V+ ~ ) sin2~ +
.
1(v - hpq sin4f@y
Substitutingtheexpressionsjustobtainedintoequations(Al)
and(A2)for ~(w) and g(w),itispossiblenowto solvethediffer- 1
entialequationsandtoobtaintheparticularintegralsofthedisplace-
mentfunctionsu and v intermsoftheundetermineddeflection
parameterWOO Themethodof solutionusedhereistheso-calledmethod *
ofundeterminedcoefficients.Examiningtheexpressionsfor ~(w)
and ~(w),theparticularintegralsfor u and v maybe assumedto
be ofthefollowingform:
U = @%02(E0 + El Sillmy -i-E2 COS2~ + E3 Sill3~~ +
E4 COS4f31@Sin 29X (A4)
[v=@2W02~ (FlcosBW+F2 sin2f@Y+F3 cos3~Y+
(M) “
i
.— .——. ..— _____ —
—.——-— -—.
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Substitutingequations(A4)
andequatingthecoefficientsof
maybe determinedtobe asfollows:
33
and(A5)intoew*ions (~) and(A2)
liketerms,the E and F coefficients
II 1i 3 . 4vp2)+ (1 - VP2)A2E. =-z
E2 =
E3 .
E4 =
~4+2(6- .llV)p2 + 7i3~A
- 4(4 : 92)2
1 [[41+(2- }V)P2+ 213~+ (1+ @2)2A2
16(I + P2)2
1 c8 + 2(18 - V)P2+ 45@A4(4 + 9$2)2
1
-Z
F1 = [(12- 16+ Ilv)~2- 12$4A
4(4: &’)2
F2 = 1 [(41- vP2)+ (1+ 92)2A~
16(I+ @2)2
F3=- 3 ~ + (16- V)~2+ 18P9A
4(4+ 9@’)2
F5 = ~(3v” + 2~2)A4P2
F6 [
.L4v+ (v- f32)A~
1692 .,.
F7 ..-~(v - 2~2)A :
12&’
1 (v- 4p2)F8 =-—
32P2
1..:;
-. —— ——-———’
.—.—.—
—. ...- .-
34
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APPENDIXB
DETEWCNATIONOFINTEGRATIONCONSTANTS
OFEQUATIONS(1)AND(2)
Thegeneralsolutionsforthedisplacementsu and v arethe
sumsofthecomplemetiary
2 2~Cl + C2)coshu=@wo
solutionsandtheparticularintegrals:
2w+%Ws~2wt(c3+c4).9~ m+
2C4q?ycosh@y + EO +
/
1
El Sh P$Jy,+E2 COS2j3~+ E3 sin3@7y+
E4 COS4$W Sfi~ - $?t%stx (Bl)
(l-v—2c4- C3l+V ) cosh@y -
F2 Sill2f3W+ F3 cos3f3~+
2C4qysinh2w + 13(F1cosBW +
.
F5 cos~qry+ F6 sin213qy+ F7 cos3f39y+ F8 sin@’W)
}
(B2)
Considerfirstthecasewheretheedgestiffenershavenegligible
bendingstiffnessinthey-direction;thatis,
EGyf= (_ # ‘Y‘ + Vex’)= o alongtheedgesy = O and y= b.1
——. —
_— -. —.. .—— 1.
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Thestrainsinthemediansurfaceoftheplatearegivenby equa-
tions(k). Substitutionftheexpressionsfor u, v, and w given
by equations(Bl),(B2),and(20)intoequations(4)givesthefollowing
strdinexpressions:
, %’ =
‘Y’=
{[(P+~022c1+c2+~4y) cosh2qy+2(C3+C4+< ‘“ “
W&) si~m+Go+qs~Pw+G2cos,@w +
1G3 Sti3@7y COE@X + G4+’~ Sill~,@,+.G6COS2~~ +
}
G7sin3!3qIy+ ~ cosMqy - &t2~8t (B3)
)
1
~cos2f3~+H3sin3~~ cos!@x+j3%6+H4+-
}-
H5 s~ ~W + ~ cos2@7Y+ H7 Sti3P9Y+ ~ COS4@py- (B4)
4(C3+ * 4
)
C + 2qC# cosh@y + Jl COS;~~ + J2:sin2f3~+.
,--,...,, ,,.,. ..
. . ..
,.
. 1J3 COS3~9y SiR 2$M (B5)
. . —+—— —— —.—.—.—
,,
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‘o =
. G1=
G2 =
G=3
Gk =
G5=
G6=
‘7=
%3=
%=
*-
(4V- Pa)
1
2(1+ &’)2
1
Pqv- P2)
132A(4v- 9132)
4(4+L9@2
L(3 + A2)
8
,
Y
-:(4+A2)
-$.
- ; $2(4+ A2)
-. ——
———.—
I
———- 7
I
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%2= 1 * F*(1-VP*)
2(1+ B*)
H3 . 1
~2A(4- 9V~2)
4(4+ 9P*)2
1 P*(4 + A*)H4=E
3vAH5=-~
H6 ( 2,=&4+A
5 =LvA4
H8. +
J,= & U-93A(1+V)
J2 = & $3(1 + v)
J=- 13 3j33A(1 + v)(4+ 9P2)2
. ..— — -—. _— .— —.. .._. .——. –-——-..—— --——– —
.. . . . ——
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Theboundarycondition(8a)leadstothefollowingthreeequations:
.
(Ho (+vGJ+(H2+vG2) +2(l-v)~crc, =0)
[ )(W02~~6 + (H4+ vG4 + H6- VG6)+ (H8+ VGgfl- vz~t=
((HO+ ‘GO)+ (H2+ VG2)+ 2(1- v) ~ C2 - Cl - 2qC4b)4
(2(1- ~ )‘v C4-C3-2@2b sinh2qb=0,) 1+,
Theseequationsresultfromthesti~,ationthatthe
ditionmustbe satisfiedforall.valuesof x;thusitis
thecoefficientsofeachtrigono~trictermin x vanish
boundaries.
o
cosh@b
boundarycon-
necessarythat
atthe
Theboundarycondition(9)that u = -CtiXat y = O ~d Y = b
givesthefollowingrelations:
c1 + C2+Eo+E2+E4=o
,,
(cl + c2 + ~4@) Cosh@b + ~3 + c4 + 2c2@) Sifi 2@ +
.1
(B7)
\
EO+E2+E4=0
J
Equations(B6)and(B7)consistoffiveequationsforthedetermination
ofthesixintegrationconstants.Onemoreequationthereforeis,~eded
inorderto determh theseconstantsuniquely.Thisequationmaybe
obtainedby specifyingthat v isa constantata certainpoint.How-
ever,sincetheactualvalueof v is immaterialtotheproblem,
equations(B6)and(B7)willbe usedto determineCl, C2) C3Y C4)
and C6,with C5 undeterdned.Solvingtheseequations,oneobtains:
I
.——. —
_—
_—— — .—..— /
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G4+ G6+ G8jl
c2=- &Tp%+%)+(H2
C3=
CL=
c6 =
jG4+G6+G8
- ;;:v,~% + %) + (~
J
3 -1G4 + G6+ G8)co~hwbab
-~% + ‘Go)+ (% +
1
G4+G6+G8 cosh~b - 1
SiIlh@b
Since ~b =
islargecompared
accuratetotake
)(+vG2+l - V)(G.+ G2 +
+ VG2)_,(1 - V)2l+V (GO+G2+
)vG2+ (l- V)(G.+ G2+
,
a/rob,forusualpanel21T/j3and ~ =
with e‘@b and”1.-It isther~fore
(B8)
dimensione29b
sufficiently
(B9)
-— —.. — .--. —z _ _______ _
—— —,,
40
Withthese simplifications,
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itiSobviousthat
(B1O)
Nowconsiderthecasewheretheedgestiffenershaveinfinite
bendingrigidi~ in they-direction.Theboundaryconditionthat v = O
at y = O and y = b then@elds thefollowingrelations: *
1
.Q2C4 - C3+ (F1’+F3)P= ol+V
C5+F5+F7=0
(
1 -v
) (
1-
~2c4-c3-
‘2 - c1 - ‘4Qb ‘m @b + 1l+V l+V (Bll)
)=2@ cosh@b
.
c5+ltC6-F5-
-@+F3)=0
‘7=0
Sol- simultaneouslyequations(Bll)andequations(B7)which
remiltfromtheboundaryconditionu = -estx at y = O and y=b,
one obtains
I
.
,.
.
“1
I
I
1-
——-
6H
.
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cl=-
~
E. + E2 + E4)(~ 2 Siti2q)b- @b) + P(Fl+ F3)(1+
1/
cosh@b) (~ SiIlh@b - @b)
c2=-
[
E. +E2 +E4) Shh @b - f3(F1+F3)(1+
II
cosh@b) (~ sti ~b - @b)
[(C3= ~2E0 ‘E2 +E4)(cOSh@b - 1) + @ +F3)(Sm2@ -
1/(
2qb) ~
)
Sifi2qb- 2qb
[c4 = (Eo+ E2+ E4)(cosh@b - 1) - P(F1+
1/(
3-v— Sidl@b - @b)F3)s~~b l+V
c5=- (F5+ F7)
(C6=~F5+F7 )
.
Withthesimplificationgivenby equation(B9),thevaluesof
C2, C3,and C4 become
[(C1%-C3= l-v3-v 1]~ f3(F1+ F3)
2E0+E2+E4)+3
C2% -C42
~
11
-+++ E0+E2+E4)-p(F~+F3)
41
(B12)
cl,
(B13)
SinceClx -C3 and C2x -C4 inbothcases,thegeneralsolutionsfor
u and v maybe writteninthesimplerformasgivenby equations(26)
and(27).
-——– –—-— —_
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APPENDIXc
EVACUATIONOFSTRAIN
Thebendingstratienergyofthe
andis
plate
.
ENERGY ,,
isgivenby equation(29)
(’(Wxx+ %rW)2 dxdy (cl)
Since
w= = q%Wo(-l+ cos213qy- A gin!3~)sinqx
%Y = &two(4P2COSakpy-Ap Binfq)y)sin qx
by mibstituting inexpression(Cl)andintegratingovertheareaofthe
plate,thebendingstrainener~ isfoundtobe
Vbp . !!+2 ~lwop
1 -v
.,
(C2)
where
[
,,
Ml =&6+ 3(1+ 4P2)2+3(1+ P2)2A2+~(1 + Pp)pj (C3)
Theextensional strainenergyoftheplateisgivenby equation(30)
andiS
‘ep= *J’ ~Ex’)2+ ~,ylj2+
Thestrainsinthemediamsurface
tions(B3),(B4),and(B5). Recalling
insertingtheseexpressionsforstrain
~(1- V)(7W’)~ dydy
‘6X’%* + 2
(C4)
oftheplatearegivenby equa-
that Cl = -C3 and C2= -C4J
componentsinequation(C4),and
integrat~overtiesreaoftheplate,theextensionalstrainenergy
becomes:
.
(
Et5q4abM2W04+ M3ZstWo2
)
2
‘ep= + M4?8t (C5) ‘
1 - V2
—.—
—
- .’
(
—
11
I
I
I
I
where withthe bamdary condition Uy’ = O at y = O and y = b
%=*M+%'+%'+%'+ @k2(l-v2)+%'+& +%2+%2 +H12+%2+H32+=52 +&+=72 +HBq+
1 and tiththe lmmdarycondition v=O at y=O and y.b,
I F
I {[ 1H3-- ~3+4v#+A2(l +@-~(l+v#)
I
;-
. . .
, –_
. .
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Theextensionalstrainenergyof a stiffeneris
a
v =$ E~tAst{()
2
es ‘x‘ ax
o y=qb
sty= ~b;write
[( 1,x!=q#t2W02N1 cos2P+N2) - ~st
45
(c8)
(C9)
where
N1 = (2 Cl + C2)(cosh2~b - SiIlh2~b) - k-C2qqb(cosh2q)qb- SM 2qqb)+
GO + ~ sin~qqb+ G2 cos2~b + G3 sin3B~b (Clo)
and
‘2 = G4+ G5 sin@pqb+ G6 cos2!3qqb+ G7 sin3~b + G8 cos@pqb
(cl-l)
Integrationf equation(c8)thereforegives
Thebendingstrainener~of a stiffeneris
a
VbB‘: E&st
L( )
2
Wxx dxy=qb
since
()w = -q2two(l- cos2~~b + A sin@pqb)sinqx‘x y=~b
integrationfequation(C13)gives”
(c12)
(C13)
(C14)
.— -———
I
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where
N3= (l- cos2@pqb+ A sin~qqb)2
Thetwistingstrainenergyof a stiffeneris
Since
()‘KYy=qb
integrationgives
V+s=;c J7)2Wxy axo y=qb
where
Nk .
N41 4 ~aWo2—vts=~qlt 2
~2(2Sill2Bqqb+ A COS~qqb)2
.
(C15)
1.
(c16)
(C17)
(c18)
.
,,
——
——..————— ———- -.. -,
I
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